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POINTS IN PROJECTIVE SPACES AND APPLICATIONS
IVAN CHELTSOV
Abstract. We prove the factoriality of a nodal hypersurface in P4 of degree d that has
at most 2(d − 1)2/3 singular points, and factoriality of a double cover of P3 branched
over a nodal surface of degree 2r having less than (2r − 1)r singular points.
1. Introduction.
Let Σ be a finite subset in Pn and ξ ∈ N, where n > 2. The points of the set Σ impose
independent linear conditions on homogeneous forms of degree ξ if and only if for every
point P ∈ Σ there is a homogeneous form of degree ξ that vanishes at Σ \P and does not
vanish at P , which is equivalent to h1(IΣ⊗OPn(ξ)) = 0, where IΣ is the ideal sheaf of Σ.
In this paper we prove the following result (see Section 2).
Theorem 1.1. Suppose that at most λk points of the set Σ lie on a curve of degree k,
where λ ∈ N and λ > 2. Then h1(IΣ⊗OPn(ξ)) = 0 if one of the following conditions holds:
• ξ = ⌊3λ/2− 3⌋ and |Σ| < λ⌈λ/2⌉;
• ξ = ⌊3µ− 3⌋ and |Σ| 6 λµ, where µ ∈ Q such that ⌊3µ⌋ − µ− 2 > λ > µ;
• ξ = ⌊nµ⌋ and |Σ| 6 λµ, where µ ∈ Q such that (n− 1)µ > λ.
Let us consider applications of Theorem 1.1.
Definition 1.2. An algebraic variety is called factorial if its divisor class group is Z.
Let π : X → P3 be a double cover branched over a surface S of degree 2r > 4 such that
the only singularities of S are isolated ordinary double points. Then X is a hypersurface
w2 = f2r(x, y, z, t) ⊂ P
(
14, r
)
∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = wt(y) = wt(z) = wt(t) = 1, wt(w) = r, and f2r is a homogeneous polyno-
mial of degree 2r such that f2r = 0 defines the surface S ⊂ P
3 ∼= Proj(C[x, y, z, t]).
It follows from [10] and [8] that the following conditions are equivalent:
• the threefold X is factorial;
• the singularities of the threefold X are Q-factorial;
• the equality rkH4(X,Z) = 1 holds;
• the ring C[x, y, z, t, w]/I is a UFD, where I =< w2 − f2r(x, y, z, t) >;
• the points of the set Sing(S) impose independent linear conditions on homogeneous
forms on P3 of degree 3r − 4.
In the case r = 3, the threefold X is known to be non-rational if it is factorial (see [4]),
but the threefold X is rational if the surface S is the Barth sextic (see [1]).
Theorem 1.3. Suppose that | Sing(S)| < (2r − 1)r. Then X is factorial.
Proof. The subset Sing(S) ⊂ P3 is a set-theoretic intersection of surfaces of degree 2r−1,
which implies that X is factorial by Theorem 1.1. 
We assume that all varieties are projective, normal, and defined over C.
1
The claim of Theorem 1.3 is conjectured in [2], and it is proved in [4] in the case r = 3.
Example 1.4. Suppose that the surface S is given by an equation
(1.5) g2r(x, y, z, w) = g1(x, y, z, w)g2r−1(x, y, z, w) ⊂ P
3 ∼= Proj
(
C[x, y, z, w]
)
,
where gi is a general homogeneous polynomial of degree i. ThenX is not factorial, singular
points of the surface S are isolated ordinary double points, and | Sing(S)| = (2r − 1)r.
We prove the following result1 in Section 3.
Theorem 1.6. Suppose that | Sing(S)| 6 (2r− 1)r + 1. Then the threefold X is not fac-
torial if and only if the surface S ⊂ P3 can be defined by the equation 1.5.
Let V be a hypersurface in P4 of degree d such that V has at most isolated ordinary
double points. Then V can be given by the equation
fn(x, y, z, t, u) = 0 ⊂ P
4 ∼= Proj
(
C[x, y, z, t, u]
)
,
where fn is a homogeneous polynomial of degree n. It follows from [10] and [8] that the hy-
persurface V is factorial if and only is one of the following conditions holds:
• the hypersurface V has Q-factorial singularities;
• the equality rkH4(V,Z) = 1 holds;
• the ring C[x, y, z, t, u]/I is a UFD, where I =< fn(x, y, z, u) >;
• the points of the set Sing(V ) impose independent linear conditions on homogeneous
forms on P4 of degree 2d− 5.
In the case d = 4, the hypersurface V is not rational if it is factorial (see [12]), but a ge-
neral determinantal quartic threefold is rational and has isolated ordinary double points.
Conjecture 1.7. Suppose that |Sing(V )| < (d− 1)2. Then V is factorial.
The claim of Conjecture 1.7 is proved in [3] and [5] in the case when d 6 7.
Example 1.8. Suppose that the hypersurface V is given by the equation
xg(x, y, z, w, t) + yf(x, y, z, w, t) = 0 ⊂ P4 ∼= Proj
(
C[x, y, z, w, t]
)
,
where g and f are general homogeneous polynomials of degree d− 1. Then V is not fac-
torial, singular points of V are isolated ordinary double points, and | Sing(V )| = (d− 1)2.
The factoriality of V is proved in [2] in the case when | Sing(V )| 6 (d− 1)2/4.
Theorem 1.9. Suppose that | Sing(V )| 6 2(d− 1)2/3. Then V is factorial.
Proof. The set Sing(V ) is a set-theoretic intersection of hypersurfaces of degree d − 1,
which implies the claim for d > 7 by Theorem 1.1. In the case d 6 6, the factoriality of
the hypersurface V follows from Theorem 2 in [9] . 
Let Y be a complete intersection of hypersurfaces F and G in P5 of degree m and k,
respectively, such that m > k and Y has at most isolated ordinary double points.
Example 1.10. Let F and G be general hypersurfaces that contain a two-dimensional
linear subspace in P5. Then F and G are smooth, the threefold Y has isolated ordinary
double points, and |Sing(Y )| = (m+ k − 2)2 − (m− 1)(k − 1), but Y is not factorial.
1The claim of Theorem 1.6 is conjectured in [11], and it is proved in [11] the case r = 3.
2
It follows from [8] that the threefold Y is factorial if its singular points impose inde-
pendent linear conditions on homogeneous forms on P5 of degree 2m+ k − 6.
Theorem 1.11. Suppose that G is smooth, and Y has at most (m+k−2)(2m+k−6)/5
ordinary double points. Then the complete intersection Y is factorial for m > 7.
Proof. The set Sing(Y ) is a set-theoretic intersection of hypersurfaces of degree m+k−2,
which concludes the proof by Theorem 1.1. 
Arguing as in the proof of Theorem 1.11, we obtain the following result.
Theorem 1.12. Suppose that G is smooth, and Y has at most (2m+k−3)(m+k−2)/3
ordinary double points. Then the complete intersection Y is factorial for m > k + 6.
Let H be a smooth hypersurface in P4 of degree d, and η : U → H be a double cover
ramified in a surface R ⊂ H that is cut out by a hypersurface of degree 2r > d that
has isolated ordinary double points. Then U is factorial if the points of Sing(R) impose
independent linear conditions on homogeneous forms of degree 3r + d− 5 (see [8]).
Theorem 1.13. The threefold U is factorial if |Sing(R)| 6 (2r+d−2)r/2 and r > d+7.
Proof. The set Sing(R) is a set-theoretic intersection of hypersurfaces of degree 2r+d−2,
which implies the claim by Theorem 1.1. 
The author thanks I.Aliev, A.Corti, M.Grinenko, V. Iskovskikh, J. Park, Yu.Prokho-
rov, V. Shokurov and K. Shramov for useful and helpful conversations.
2. Main result.
Let Σ be a finite subset in Pn, where n > 2. In this section we prove the following special
case of Theorem 1.1 leaving other cases to the reader, because their proofs are similar.
Proposition 2.1. Suppose that at most (2r−1)k points of the set Σ lie on a curve of de-
gree k, and |Σ| < (2r− 1)r, where r ∈ N and r > 2. Then the points of the set Σ impose
independent linear conditions on homogeneous forms of degree 3r − 4.
We may assume that n > 3 due to the following result, which is Corollary 4.3 in [7].
Theorem 2.2. Let π : Y → P2 be a blow up of points P1, . . . , Pδ, and Ei be the π-excepti-
onal divisor such that π(Ei) = Pi. Then the linear system |π
∗(OP2(ξ))−
∑δ
i=1Ei| does not
have base points if at most k(ξ + 3− k)− 2 points of the set {P1, . . . , Pδ} lie on a curve
of degree k for every natural number k 6 (ξ + 3)/2, and the inequality
δ 6 max
{⌊ξ + 3
2
⌋(
ξ + 3−
⌊ξ + 3
2
⌋)
− 1,
⌊ξ + 3
2
⌋2}
,
holds, where ξ is a natural number such that ξ > 3.
Hence, to prove Proposition 2.1, we may assume that n = 3 due to the following result.
Lemma 2.3. Let Π be an m-dimensional linear subspace in Pn such that n > m > 2, and
ψ : Pn 99K Π ∼= Pm
be a projection from a general (n−m− 1)-dimensional linear subspace Ω ⊂ Pn such that
there is a subset Λ ⊂ Σ such that |Λ| > λk+1, but the set ψ(Λ) is contained in an irredu-
cible curve of degree k, and M be the linear system of hypersurfaces in Pn of degree k that
contain Λ. Then the base locus of M is zero-dimensional, and either m = 2, or k > λ.
3
Proof. Suppose that the base locus of M contains an irreducible curve Z. Let Ξ be a
subset of the set Λ consisting of points that are contained in the curve Z. Then we may
assume that ψ(Z) does not contain any point of the set ψ(Λ \ Ξ), and ψ|Z is a birational
morphism, because ψ is a general projection. Thus, we have deg(ψ(Z)) = deg(Z).
Let C be an irreducible curve in Π of degree k that contains ψ(Λ), and W be the cone
in Pn over the curve C and with vertex Ω. Then W ∈M, which implies that W contains
the curve Z. Thus, we have ψ(Z) = C, which implies that Ξ = Λ and deg(Z) = k, but
the curve Z contains at most λk points of the set Σ. Hence, the the base locus of the
linear system M is zero-dimensional.
Suppose that m > 2 and k 6 λ. Let us show that the latter assumption leads to a
contradiction. We may assume that m = 3 and n = 4, because we may consider ψ as
a composition of n −m projections from points. Thus, the projection ψ : P4 99K P3 is a
projection from the point Ω ∈ P4.
Let Y be the set of all irreducible reduced surfaces in P4 of degree k that contains all
points of the set Λ, and Υ be a subset of P4 consisting of points that are contained in
every surface of Y . Then Λ ⊆ Υ, but the previous arguments imply that Υ is a finite set.
Let S be the set of all surfaces in P3 of degree k such that S ∈ S if and only if there is
a surface Y ∈ Y such that ψ(Y ) = S and ψ|Y is a birational morphism. Then S is not
empty, because the projection ψ is general enough and the construction of the set Y does
not depend on the choice of the projection ψ. Let Ψ be a subset of P3 consisting of points
that are contained in every surface of the set S. Then ψ(Λ) ⊆ ψ(Υ) ⊆ Ψ by construction.
The generality of Ω implies that ψ(Υ) = Ψ. Indeed, for every point O ∈ Π \Ψ and any
general surface Y ∈ Y , we may assume that the line passing through O and Ω does not
intersect Y , but the restriction ψ|Y is a birational morphism.
Thus, the set Ψ is a set-theoretic intersection of surfaces in Π of degree k, which implies
that at most δk points in Ψ lie on a curve in Π of degree δ. Hence, at most k2 points
of the set Ψ lie on a curve in Π of degree k, but ψ(Λ) contains at least λk + 1 points
contained in an irreducible curve in Π of degree k, which is a contradiction. 
Thus, we have a finite subset Σ ⊂ P3 such that |Σ| < (2r − 1)r, and at most (2r− 1)k
points of Σ lie on a curve of degree k, where r ∈ N and r > 2. Fix an integer ǫ such that∣∣Σ∣∣ < (2r − 1)(r − ǫ),
and ǫ > 0. We prove the following result, which implies Proposition 2.1.
Proposition 2.4. The points of the set Σ impose independent linear conditions on ho-
mogeneous forms of degree 3r − 4− ǫ.
Fix an arbitrary point P of the set Σ. To prove Proposition 2.4 it is enough to construct
a surface2 in P3 of degree 3r − 4− ǫ that contains Σ \ P and does not contain P .
We may assume that r > 3 and ǫ 6 r− 3, because the claim of Proposition 2.4 follows
from Theorem 2 in [9] and Theorem 2.2 in the case when r 6 3 or ǫ > r − 3.
Lemma 2.5. Suppose that Σ ⊂ Π, where Π is a hyperplane in P3. Then there is a surface
of degree 3r − 4− ǫ in P3 that contains the set Σ \ P and does not contain the point P .
Proof. Suppose that |Σ \ P | > ⌊(3r − 1− ǫ)/2⌋2. Then
(
2r − 1
)(
r − ǫ
)
− 2 >
∣∣Σ \ P ∣∣ > ⌊3r − 1− ǫ
2
⌋2
+ 1 >
(3r − 2− ǫ)4
4
+ 1,
2For simplicity we consider homogeneous forms on P3 as surfaces in P3.
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which implies that (r − 4)2 + 2ǫr + ǫ2 6 0. We have r = 4 and ǫ = 0, which implies that
∣∣Σ \ P ∣∣ 6 ⌊3r − 1− ǫ
2
⌋(
3r − 1− ǫ−
⌊3r − 1− ǫ
2
⌋)
.
Thus, we proved that in every possible case the inequality
∣∣Σ \ P ∣∣ 6 max
(⌊3r − 1− ǫ
2
⌋(
3r − 1− ǫ−
⌊3r − 1− ǫ
2
⌋)
,
⌊3r − 1− ǫ
2
⌋2)
.
holds, but at most 3r−4− ǫ points of Σ\P can lie on a line, because 3r−4− ǫ > 2r−1.
Let us prove that at most k(3r−1− ǫ−k)−2 points of the set Σ\P can lie on a curve
of degree k 6 (3r − 1− ǫ)/2. It is enough to show that
k
(
3r − 1− ǫ− k
)
− 2 > k
(
2r − 1
)
for all k 6 (3r − 1− ǫ)/2. We must prove the latter inequality only for k > 1 such that
k
(
3r − 1− ǫ− k
)
− 2 <
∣∣Σ \ P ∣∣ 6 (2r − 1)(r − ǫ) − 2,
because otherwise the condition that at most k(3r− 1− k)− 2 points of Σ \ P can lie on
a curve of degree k is vacuous. In particular, we may assume that k < r − ǫ, but
k(3r − 1− ǫ− k)− 2 > k(2r − 1) ⇐⇒ r > k − ǫ,
which implies that at most k(3r−1− ǫ−k)−2 points of Σ\P lie on a curve of degree k.
It follows from Theorem 2.2 that there is a curve C ⊂ Π of degree 3r − 4 − ǫ that
contains the set Σ \ P and does not contain the point P . Let Y be a sufficiently general
cone in P3 over the curve C. Then Y is the required surface. 
Fix a sufficiently general hyperplane Π ⊂ P3. Let ψ : P3 99K Π be a projection from a
sufficiently general point O ∈ P3. Put Σ′ = ψ(Σ) and P ′ = ψ(P ).
Lemma 2.6. Suppose that at most (2r−1)k points of the set Σ′ lie on a possibly reducible
curve in Π of degree k. Then there is a surface in P3 of degree 3r − 4 − ǫ that contains
all points of the set Σ \ P but does not contain the point P .
Proof. Arguing as in the proof of Lemma 2.5 we obtain a curve C ⊂ Π of degree 3r−4−ǫ
that contains Σ′ \ P ′ and does not pass through P ′. Let Y be the cone in P3 over the
curve C with the vertex O. Then Y is the required surface. 
To conclude the proof of Proposition 2.1 we may assume that at least (2r − 1)k + 1
points of Σ′ lie on a curve of degree k, where k is the smallest number of such property.
Lemma 2.7. The inequality k > 3 holds.
Proof. Let Φ ⊆ Σ be a subset such that |Φ| > 2(2r − 1), but the set ψ(Φ) is contained
in a conic C ⊂ Π. Then the conic C is irreducible. Let D be a linear system of quadric
surfaces in P3 containing Φ. Then the base locus of D is zero-dimensional by Lemma 2.3.
The inequality k > 2 holds by Lemma 2.3, which implies r > 3.
Let W be a cone in P3 over C with the vertex Ω. Then
8 = D1 ·D2 ·W >
∑
ω∈Φ
multω(D1)multω(D2) > |Φ| > 2(2r − 1) > 8,
where D1 and D2 are general divisors in D, which is a contradiction. 
5
There is a subset Λ1k ⊆ Σ such that |Λ
1
k| > (2r − 1)k, but ψ(Λ
1
k) is contained in an
irreducible curve of degree k. Similarly, we get a disjoint union ∪lj=k∪
cj
i=1Λ
i
j, where Λ
i
j is a
subset in Σ such that |Λij| > (2r−1)j, the points of the subset ψ(Λ
i
j) lie on an irreducible
reduced curve in Π of degree j, and at most (2r − 1)ζ points of the subset
ψ
(
Σ \
( l⋃
j=k
cj⋃
i=1
Λij
))
( Σ′ ⊂ Π ∼= P2
lie on a curve in Π of degree ζ . Put Λ = ∪lj=k∪
cj
i=1Λ
i
j. Let Ξ
i
j be the base locus of the linear
system of surfaces of degree j that contains Λij. Then Ξ
i
j is a finite set by Lemma 2.3 and
(2.8) 0 6
∣∣Σ \ Λ∣∣ < (2r − 1)(r − ǫ)− 1−
l∑
i=k
ci
(
2r − 1
)
i <
(
2r − 1
)(
r − ǫ−
l∑
i=k
ici
)
.
Corollary 2.9. The inequality
∑l
i=k ici 6 r − ǫ− 1 holds.
We have Λij ⊆ Ξ
i
j by construction, but the points of the set Ξ
i
j impose independent
linear conditions on homogeneous forms of degree 3(j − 1) by the following result.
Lemma 2.10. Let M be a linear subsystem in |OPn(λ)| such that the base locus of the li-
near system M is zero-dimensional. Then the points of the base locus of M impose inde-
pendent linear conditions on homogeneous forms of degree n(λ− 1).
Proof. See Lemma 22 in [2] or Theorem 3 in [6]. 
Put Ξ = ∪lj=k ∪
cj
i=1 Ξ
i
j . Then Λ ⊆ Ξ.
Lemma 2.11. Suppose that Σ ⊆ Ξ. Then there is a surface in P3 of degree 3r − 4 − ǫ
that contains all points of the set Σ \ P and does not contain the point P ∈ Σ.
Proof. It follows from Lemma 2.10 that for every set Ξij containing the point P there is
a surface in P3 of degree 3(j − 1) that contains the set Ξij \ P and does not contain the
point P . For every set Ξij not containing the point P there is a surface of degree j that
contains the set Ξij and does not contain P by the definition of the set Ξ
i
j.
The inequality j < 3(j − 1) holds, because k > 2. Therefore, for every Ξij 6= ∅ there
is a surface F ji ⊂ P
3 of degree 3(j − 1) that contains the set Ξij \ (Ξ
i
j ∩ P ) and does not
contain the point P . The union ∪lj=k ∪
cj
i=1 F
i
j is a surface of degree
l∑
i=k
3(i− 1)ci 6
l∑
i=k
3ici − 3ck 6 3r − 6− 3ǫ 6 3r − 4− ǫ
that contains all points of the set Σ \ P and does not contain the point P . 
The proof of Lemma 2.11 implies that there is surface of degree
∑l
i=k 3(i − 1)ci that
contains (Ξ∩Σ)\(Ξ∩P ) and does not contain P , and there is a surface of degree
∑l
i=k ici
that contains Ξ ∩ Σ and does not contain any point of the set Σ \ (Ξ ∩ Σ).
Lemma 2.12. Let Λ and ∆ be disjoint finite subsets in Pn such that there is a hypersurface
of degree ζ 6 ξ that contains Λ and does not contain any point in ∆, the points of Λ impose
independent linear conditions on hypersurfaces of degree ξ, the points of ∆ impose inde-
pendent linear conditions on hypersurfaces of degree ξ−ζ. Then the points of Λ∪∆ impose
independent linear conditions on hypersurfaces of degree ξ.
6
Proof. Let Q be a point in Λ ∪∆. To conclude the proof we must find a hypersurface of
degree ξ that contains (Λ∪∆) \Q and does not contain Q. We may assume that Q ∈ Λ.
Let F be the homogenous form of degree ξ that vanishes at Λ \Q and does not vanish
at Q. Put ∆ = {Q1, . . . , Qδ}, where Qi is a point. Then there is a homogeneous form Gi
of degree ξ that vanishes at (Λ ∪∆) \Qi and does not vanish at Qi. We have
F
(
Qi
)
+ µiGi
(
Qi
)
= 0
for some µi ∈ C, because gi(Qi) 6= 0. Then the homogenous form F +
∑δ
i=1 µiGi vanishes
at every point of the set (Λ ∪∆) \Q and does not vanish at the point Q. 
Put d = 3r−4− ǫ−
∑l
i=k ici and Σ¯ = ψ(Σ\ (Ξ∩Σ)). It follows from Lemma 2.12 that
to prove Proposition 2.4 it is enough to show that the points of the subset Σ¯ ⊂ Π and the
integer d satisfy the hypotheses of Theorem 2.2. We may assume that ∅ 6= Σ¯ ( Σ′.
Lemma 2.13. The inequality |Σ¯| 6 ⌊(d+ 3)/2⌋2 holds.
Proof. Suppose that the inequality |Σ¯| > ⌊(d+ 3)/2⌋2 + 1 holds. Then
(
2r − 1
)(
r − ǫ−
l∑
i=k
cii
)
− 2 >
∣∣Σ¯∣∣ > ⌊d+ 2
4
⌋2
+ 1 >
(3r − 2− ǫ−
∑l
i=k ici)
2
4
+ 1
by Corollary 2.9. Put ∆ = ǫ+
∑l
i=k cii. Then ∆ > k > 3 and
4
(
2r − 1
)(
r −∆
)
− 12 >
(
3r − 2−∆
)2
,
which implies that r2 − 8r + 16 + 2r∆+∆2 6 0, which is a contradiction. 
The inequality d > 3 holds by Corollary 2.9, because r > 3.
Lemma 2.14. Suppose that at least d+ 1 points of the set Σ¯ lie on a line. Then there is
a surface in P3 of degree 3r− 4− ǫ containing Σ \P and not passing through the point P .
Proof. We have |Σ¯| > d+ 1. Hence, it follows from the inequalities 2.8 that
3r − 3− ǫ−
l∑
i=k
ici <
(
2r − 1
)(
r − ǫ
)
− 1−
l∑
i=k
ci
(
2r − 1
)
i,
which gives
∑l
i=k ici 6= r−ǫ−1. Now it follows from Corollary 2.9 that
∑l
i=k ici 6 r−ǫ−2,
but 2r−1 > 3r−3− ǫ−
∑l
i=k ici, which implies that
∑l
i=k ici = r− ǫ−2 and d = 2r−2.
We have a surface of degree
∑l
i=k 3(i−1)ci 6 3r−4−ǫ that contains (Ξ∩Σ)\(Ξ∩P ) and
does not contain the point P , and we have a surface of degree r − ǫ− 2 that contains all
points of the set Ξ ∩ Σ and does not contain any point of the set Σ \ (Ξ ∩ Σ).
The set Σ\ (Ξ∩Σ) contains at most 4r−4 points, but at most 2r−1 points of Σ lie on
a line. The points of Σ \ (Ξ ∩ Σ) impose independent linear conditions on homogeneous
forms of degree 2r−2 by Theorem 2 in [9], which concludes the proof by Lemma 2.12. 
Therefore, we may assume that at most d points of the set Σ¯ lie on a line in Π.
Lemma 2.15. At most t(d+3−t)−2 points of Σ¯ lie on a curve in Π of degree t 6 (d+3)/2.
Proof. At most (2r − 1)t of the points of Σ¯ lie on a curve in Π of degree t, which implies
that to conclude the proof it is enough to show that the inequality
t
(
d+ 3− t
)
− 2 >
(
2r − 1
)
t
7
holds for every t 6 (d+ 3)/2 such that t > 1 and t(d+ 3− t)− 2 < |Σ¯|. We have
t(d+ 3− t)− 2 > t(2r − 1) ⇐⇒ t(r − ǫ−
l∑
i=k
ici − t) > 2 ⇐⇒ r − ǫ−
l∑
i=k
ici > t,
because t > 1. Therefore, we may assume that the inequalities t(d+ 3− t)− 2 < |Σ¯| and
r − ǫ−
l∑
i=k
ici 6 t 6
d+ 3
2
hold. Let g(x) = x(d+3− x)− 2. Then g(x) is increasing for every x < (d+3)/2, which
implies that g(t) > g(r − ǫ−
∑l
i=k ici). Now the inequalities 2.8 imply that
(
2r − 1
)(
r − ǫ−
l∑
i=k
ici
)
− 2 >
∣∣Σ¯∣∣ > g(t) > (r − ǫ−
l∑
i=k
ici
)(
2r − 1
)
− 2,
which is a contradiction. 
We can apply Theorem 2.2 to the blow up of Π at the points of Σ¯ and the integer d,
which implies the existence of a surface in P3 of degree 3r − 4 − ǫ that contains every
point of the set Σ \ P and does not contain the point P by Lemma 2.12.
3. Auxiliary result.
In this section we prove Theorem 1.6. Let π : X → P3 be a double cover branched over
a surface S of degree 2r > 4 with isolated ordinary double points.
Lemma 3.1. Let F be a hypersurface in Pn of degree d such that F has isolated singu-
larities, and C be a curve in Pn of degree k. Then C contains at most k(d − 1) singular
points of the hypersurface F , and the equality | Supp(C)∩Sing(F )| = k(d−1) implies that
every singular point of the hypersurface F contained in C is non-singular on the curve C.
Proof. Let f(x0, . . . , xn) be the homogeneous form of degree d such that f(x0, . . . , xn) = 0
defines the hypersurface F , where (x0 : . . . : xn) are homogeneous coordinates on P
n. Put
D =
∣∣∣∣∣
n∑
i=0
λi
∂f
∂xi
= 0
∣∣∣∣∣ ⊂
∣∣OPn(d− 1)∣∣,
where λi ∈ C. Then the base locus of the linear system D consists of singular points
of the hypersurface F . Therefore, the curve C intersects a generic member of the linear
system D at most (d− 1)k times, which implies the claim. 
Lemma 3.2. Suppose that there are plane Π ⊂ P3 and a reduced curve C ⊂ Π of degree r
that contains (2r − 1)r singular points of S. Then S can be defined by the equation 1.5.
Proof. Let S|Π =
∑α
i=1miCi, where Ci is an irreducible reduced curve, and mi is a natural
number. We may assume that Ci 6= Cj for i 6= j, and C =
∑β
i=1Ci, where β 6 α. Then
(3.3)
β∑
i=1
deg(Ci) = r =
∑α
i=1mideg(Ci)
2
,
which implies that the curve Ci contains exactly (2r − 1)deg(Ci) singular points of the
surface S for every i 6 β due to Lemma 3.1. Moreover, the curve C is smooth at every
singular point of the surface S that is contained in the curve C by Lemma 3.1.
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Suppose that mγ = 1 for some γ 6 β. Then Cγ contains (2r − 1)deg(Cγ) singular
points of the surface S, but the curve S|Π must be singular at every singular point of the
surface S that is contained in Cγ. Thus, we have
Sing
(
S
)
∩ Supp
(
Cγ
)
⊆
⋃
i6=γ
Ci ∩ Cγ,
but |Ci ∩ Cγ| 6 (Ci · Cγ)Π = deg(Ci)deg(Cγ) for i 6= γ. Hence, we have∑
i6=γ
deg(Ci)deg(Cγ) >
(
2r − 1
)
deg(Cγ),
but on the plane Π we have the equalities(
2r − deg(Cγ)
)
deg(Cγ) =
(
S|Π − Cγ
)
· Cγ =
∑
i6=γ
mideg(Ci)deg(Cγ),
which implies that deg(Cγ) = 1 and mi = 1 for every i. Now the equalities 3.3 imply that
the equality β < α holds, but every singular point of the surface S that is contained in
the curve C must be an intersection point of C and the curve
∑α
i=β+1Ci, which consists
of at most r2 points, which is a contradiction.
Hence, we have mi > 2 for every i 6 β. Therefore, it follows from the equalities 3.3
that α = β and mi = 2 for every i.
Let f(x, y, z, w) be the homogeneous form of degree 2r such that f = 0 defines the
surface S, where (x : y : z : w) are homogeneous coordinates on P3. We may assume that
the plane Π is given by the equation x = 0. Then f(0, y, z, w) = g2r(y, z, w), where gr is
a homogeneous polynomial of degree r such that C is given by x = gr = 0, which implies
that the surface S can be defined by the equation 1.5. 
It follows from Lemma 3.1 that at most (2r − 1)k singular points of the surface S can
lie on a curve of degree k. However, the claim of Lemma 3.1 can be improved for curves
that are not contained in two-dimensional linear subspaces of P3.
Lemma 3.4. Let C be an irreducible reduced curve in P3 of degree k that is not contained
in a hyperplane. Then |C ∩ Sing(S)| 6 (2r − 1)k − 2.
Proof. Suppose that the curve C contains at least (2r − 1)k − 1 singular points of the
surface S. Then C ⊂ S, because otherwise we have
2rk = deg(C)deg(S) 6 2(2r − 1)k − 2 = 4rk − 2k − 2,
which leads to 2k(r − 1) 6 2, but r > 2 and k > 3.
Let O be a sufficiently general point of the curve C, and ψ : P3 99K Π be a projection
from the point O, where Π is a sufficiently general plane in P3. Then ψ|C is a birational
morphism, because C is not a plane curve. Put Z = ψ(C). Then Z has degree k − 1.
Let Y be a cone in P3 over Z with the vertex O. Then C ⊂ Y .
It follows from the generality of the point O that the point O is not contained in a
hyperplane in P3 that is tangent to the surface S at some point of the curve C, because
the curve C is not contained in a hyperplane. Therefore, the cone Y does not tangent the
surface S along the curve C.
Put S|Y = C + R, where R is a curve of degree 2rk − k − 2r. Then the generality of
the point O implies that the curve R does not contains rulings of the cone Y .
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Let α : Z¯ → Z be the normalization of Z. Then there is a commutative diagram
Y¯
β
//
pi

Y
ψ|Y




Z¯ α
// Z,
where β is a birational morphism, Y¯ is smooth, and π is a P1-bundle. Let L be a general
fiber of π, and E be a section of π such that β(E) = O. Then E2 = −k + 1 on Y¯ .
Let C¯ and R¯ be proper transforms of the curves C and R on the surface Y¯ respectively,
and Q be an arbitrary point of the set Sing(S) ∩ C. Then there is a point Q¯ ∈ Y¯ such
that β(Q¯) = Q and Q¯ ∈ Supp(C¯ · R¯), but
R¯ ≡ (2r − 2)E + (2rk − k − 2r)L
and C¯ ≡ E + kL. Therefore, we have (2r − 1)k − 2 = C¯ · R¯ > (2r − 1)k − 1. 
Now we prove Theorem 1.6 by reductio ad absurdum. Put Σ = Sing(S), and suppose
that the following conditions hold:
• the inequalities |Σ| 6 (2r − 1)r + 1 and r > 3 hold;
• the surface S can not be defined by the equation 1.5;
• the threefold X is not factorial, which implies that there is a point P ∈ Σ such that
every surface in P3 of degree 3r − 4 containing Σ \ P contains the point P .
We assume that r > 4, because the case r = 3 is done in [11].
Lemma 3.5. Let Π be a two-dimensional linear subspace in P3. Then |Π ∩ Σ| 6 2r.
Proof. Suppose that |Π∩Σ| > 2r. Let us show that this assumption leads to a contradic-
tion. Let Γ be the subset of the set Σ that consists of all points that are not contained in
the plane Π. Then Γ contains at most (2r−1)(r−1)−1 points, which impose independent
linear conditions on homogeneous forms of degree 3r − 5 by Proposition 2.4.
Suppose that P 6∈ Π. Then there is a surface F ⊂ P3 of degree 3r − 5 that contains
the set Γ \ P and does not contain the point P . Hence, the union F ∪ Π is the surface
of degree 3r − 4 that contains the set Σ \ P and does not contain the point P , which is
impossible due to our assumptions. Therefore, we have P ∈ Π.
The curve Π ∩ S is singular in every point of the set Π ∩ Σ. Thus, it follows from the
proof of Lemma 3.1 that |Π ∩ Σ| 6 (2r − 1)r, but Lemma 3.2 implies that Π ∩ Σ is not
contained in a curve of degree r if |Π ∩ Σ| = (2r − 1)r. The proof of Lemma 2.5 implies
that there is a surface of degree 3r − 4 that contains the set (Π ∩ Σ) \ P and does not
contain the point P , which concludes the proof by Lemma 2.12. 
The inequality |Σ| > (2r − 1)r holds by Proposition 2.1.
Lemma 3.6. Let L1 and L2 be distinct lines in P
3. Then |(L1 ∪ L2) ∩ Σ| < 4r − 2.
Proof. Suppose that |(L1 ∪L2)∩Σ| > 4r− 2. Then |Li ∩Σ| = 2r− 1 by Lemma 3.1, and
the lines L1 and L2 are not contained in one hyperplane by Lemma 3.5.
Fix two points Q1 and Q2 in Σ \ ((L1 ∪ L2) ∩ Σ) different from P such that Q1 6= Q2,
and let Πi be a plane in P
3 that contains Li and Qi. Then |Πi ∩ Σ| = 2r by Lemma 3.5.
Suppose that P 6∈ Π1 ∪ Π2. Then there is a surface F ⊂ P
3 of degree 3r − 6 that does
not contain the point P and contains all points of the set(
Σ \
(
Σ ∩
(
Π1 ∪ Π2
)))
\ P
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by Proposition 2.4. Hence, the surface F ∪Π1∪Π2 is a surface in P
3 of degree 3r−4 that
contains all points of the set Σ \ P and does not contain the point P , which contradicts
to our assumption. Therefore, we have P ∈ Π1 ∪Π2.
The set Σ ∩ (Π1 ∪ Π2) consists of 4r points by Lemma 3.5. Therefore, the points of
the set Σ ∩ (Π1 ∪ Π2) impose independent linear conditions on homogeneous forms P
3 of
degree 3r − 4 by Theorem 2 in [9]. On the other hand, the inequality∣∣∣Σ \ (Σ ∩ (Π1 ∪ Π2)
)∣∣∣ < (2r − 1)(r − 2)
holds, and the points of Σ\ (Σ∩ (Π1∪Π2)) impose independent linear conditions homoge-
neous forms of degree 3r− 6 by Proposition 2.4, which is impossible by Lemma 2.12. 
Lemma 3.7. Let C be a curve in P3 of degree k > 2. Then |C ∩ Σ| < (2r − 1)k.
Proof. Suppose that |C ∩ Σ| > (2r − 1)k. Let us show that this assumption leads to a
contradiction. We have |C∩Σ| = (2r−1)k by Lemma 3.1, and the curve C is not contained
in a hyperplane by Lemma 3.5. Therefore, the curve C is reducible by Lemma 3.4.
Let us put C =
∑α
i=1Ci, where α > 2 and Ci is an irreducible curve. Then k =
∑α
i=1 di,
where di is the degree of the curve Ci, which implies |Ci ∩Σ| = (2r− 1)di by Lemma 3.1.
The curve Ci is contained in a hyperplane in P
3 by Lemma 3.4. So, the equalities di = 1
and α = k hold by Lemma 3.5 for all i, which contradicts Lemma 3.6, because k > 2. 
Lemma 3.8. Let L be a line in P3. Then |L ∩ Σ| 6 2r − 2.
Proof. Suppose that the inequality |L∩Σ| > 2r−1 holds. Let us show that this assumption
leads to a contradiction. We have |L ∩ Σ| = 2r − 1 by Lemma 3.1.
Let Φ be a hyperplane in P3 such that Φ contains the line L, and Φ contains an arbitrary
point of the set Σ \ (L ∩ Σ). Then Φ contains 2r points of the set Σ by Lemma 3.5.
Put ∆ = Σ \ (Φ ∩ Σ). Then |∆| 6 (2r − 1)(r − 1).
Suppose that the points of the set ∆ impose independent linear conditions on homoge-
neous forms on P3 of degree 3r − 5. Then it follows from Lemma 2.12 that the points of
the set Σ impose independent linear conditions on homogeneous forms of degree 3r − 4,
because the points of the set Φ∩Σ impose independent linear conditions on homogeneous
forms on P3 of degree 3r− 4. Therefore, the points of the set ∆ impose dependent linear
conditions on homogeneous forms on P3 of degree 3r − 5.
There is a point Q ∈ ∆ such that every surface of degree 3r− 5 containing ∆ \Q must
contain Q, which implies |∆| = (2r−1)(r−1) and |Σ| = (2r−1)r+1 by Proposition 2.4.
Fix sufficiently general hyperplane Π ⊂ P3 and a point O ∈ P3. Let ψ : P3 99K Π be a
projection from the point O. Put ∆′ = ψ(∆) and Q′ = ψ(Q). Then at most 2r−2 points
of the set ∆′ lie on a line by Lemmas 2.3 and 3.6.
Suppose that at most (2r − 1)k points of the set ∆′ lie on any curve in Π of degree k
for every natural number k, and there is a curve Z ⊂ Π of degree r − 1 that contains
the whole set ∆′. Then the points of the set ∆ impose independent linear conditions on
homogeneous forms on P3 of degree 3r− 5 by Lemmas 2.3, 2.10 and 3.7 in the case when
the curve Z is irreducible. So, we have Z =
∑α
i=1 Zi, where α > 2, and Zi is an irreducible
curve of degree di. Then r =
∑α
i=1 di, which implies that Zi contains (2r− 1)di points of
the set ∆′, and every point of the set ∆′ is contained in one irreducible component of the
curve Z. In particular, we have di 6= 1 for every i.
Let Zβ be the component of Z containing Q
′, and Γ be a subset of ∆ such that
ψ
(
Γ
)
= ∆′ ∩ Zβ ⊂ Π ∼= P
2,
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which implies Q ∈ Γ. There is a surface Fβ ⊂ P
3 of degree 3(dβ−1) that contains all point
of the set Γ \ Q and does not contain Q by Lemmas 2.3, 2.10 and 3.7. Let Yi be a cone
over the curve Zi, whose vertex is the point O. Then the union Fβ ∪ ∪i6=βYi is a surface
of degree 3di − 3 +
∑
i6=β di = 2di + r − 4 that contains ∆ \Q and does not contains Q,
which is impossible, because 2di + r − 4 6 3r − 5. Hence, we proved that
• either at least (2r − 1)k + 1 points of ∆′ lie on a curve in Π of degree k;
• or there is no curve in Π of degree r − 1 that contains the whole set ∆′.
Suppose that at most (2r− 1)k points of the set ∆′ lie on every curve in Π of degree k
for every natural k. Then the points of the set ∆′ \Q′ and the number 3r − 5 satisfy all
hypotheses of Theorem 2.2, because there is no curve in Π of degree r − 1 that contains
the set ∆′. Hence, we can apply Theorem 2.2 to the blow up of the plane Π at the points
of the set ∆′ \ Q′ to prove the existence of a curve in the plane Π of degree 3r − 5 that
contains the set ∆′ \Q′ and does not contains the point Q′, which is a contradiction.
Therefore, at least (2r − 1)k + 1 points of the set ∆′ lie on a curve in Π of degree k,
where k > 3 by Lemma 2.7. Thus, the proof of Proposition 2.4 implies the existence of a
subset Ξ ⊆ ∆ such that the following conditions hold:
• the points of Ξ impose independent linear conditions on surfaces of degree 3r− 5;
• at most (2r − 1)k points of the set ψ(∆ \ Ξ) lie on a curve in Π of degree k;
• there is a surface of degree µ 6 r−2 that contains all points of the set Ξ and does
not contain any point of the set ∆ \ Ξ;
• the inequality |∆ \ Ξ| 6 (2r − 1)(r − 1− µ)− 1 holds.
Put ∆¯ = ψ(∆ \ Ξ) and d = 3r − 5− µ. Then the points of ∆¯ impose dependent linear
conditions on homogeneous forms of degree d by Lemma 2.12, which implies that there is
a point Q¯ ∈ ∆¯ such that ∆¯ \ Q¯ and d do not satisfy the hypotheses of Theorem 2.2.
We have d > 3, because r > 4. The proof of Lemma 2.13 gives
∣∣∆¯ \ Q¯∣∣ 6 ⌊d+ 3
2
⌋2
,
which implies that at least t(d+ 3− t)− 1 points of the finite set ∆¯ \ Q¯ lie on a curve of
degree t for some natural number t such that t 6 (d+ 3)/2.
Suppose that t = 1. At least d+1 points of ∆¯ lie on a line, but at most 2r−2 points of ∆′
lie on a line by Lemmas 2.3 and 3.6, which implies that d = 2r−3 and |∆¯| = 2r−2 points,
which is impossible because the points of the set ∆¯ impose dependent linear conditions
on homogeneous forms of degree d. Therefore, we see that t > 2.
At least t(d+ 3− t)− 1 points of ∆¯ \ Q¯ lie on a curve of degree t > 2. Then
t
(
d+ 3− t
)
− 1 6
∣∣∆¯ \ Q¯∣∣ 6 (2r − 1)(r − 1)− 2− µ(2r − 1)i,
but t(d + 3− t)− 1 6 (2r − 1)t, because at most (2r − 1)t points of ∆¯ lie on a curve of
degree t. Hence, we have t > r − 1− µ, which gives(
2r − 1
)(
r − 1− µ
)
− 2 >
∣∣∆¯ \ Q¯∣∣ > t(d+ 3− t)− 1 > (r − 1− µ)(2r − 1)− 1,
which is a contradiction. 
Corollary 3.9. Let C be any curve in P3 of degree k. Then |C ∩ Σ| < (2r − 1)k.
Fix a hyperplane Π ⊂ P3 and a general point O ∈ P3. Let
ψ : P3 99K Π ⊂ P3
be a projection from O. Put Σ′ = ψ(Σ) and P ′ = ψ(P ). Then ψ|Σ : Σ→ Σ
′ is a bijection.
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Lemma 3.10. Let C be an irreducible curve in Π of degree r. Then |C ∩Σ′| < (2r−1)r.
Proof. Suppose that |C ∩ Σ′| > (2r − 1)r. Let us show that this assumption leads to a
contradiction. Let Ψ be a subset of the set Σ consisting of the points that are mapped to
the curve C by the projection ψ. Then |Ψ| > (2r − 1)r, but less than (2r − 1)r points of
the set Σ lie on a curve of degree r by Corollary 3.9.
LetH be a linear system of surfaces in P3 of degree r that contains Ψ, and Φ be the base
locus of H. Then Φ is finite Lemma 2.3. Put Υ = Σ ∩ Φ. Then the points of Υ impose
independent linear conditions on homogeneous forms of degree 3r − 3 by Lemma 2.10.
Let Γ be a subset in Υ such that Υ \ Γ consists of 4r − 6 points. Then
∣∣Γ∣∣ 6 2r2 − 5r − 5 6 (r + 2)(r + 1)r
6
− 1,
because r > 4, which implies that there is a surface F ⊂ P3 of degree r− 1 that contains
all points of the set Γ. Let Θ be a subset of the set Υ such that Θ consists of all points
that are contained in the surface F . Then the points of the set Θ impose independent
linear conditions on homogeneous forms on P3 of degree 3r − 4 by Theorem 3 in [6].
Put ∆ = Υ\Θ. Then the points of ∆ impose independent linear conditions on homoge-
neous forms of degree 2r− 3 by Theorem 2 in [9] and Lemmas 3.5 and 3.8. So, the points
of the set Υ impose independent linear conditions on homogeneous forms of degree 3r−4
by Lemma 2.12, which also follows from Theorem 3 in [6], because (2r − 1)r + 1 < r3.
We have |Σ\Υ| 6 1. Thus, the points of the set Σ impose independent linear conditions
on homogeneous forms of degree 3r − 4 by Lemma 2.12, which is impossible. 
Lemma 3.11. There is a curve Z ⊂ Π of degree k such that |Z ∩ Σ′| > (2r − 1)k + 1.
Proof. Suppose that no (2r − 1)k + 1 points of the set Σ′ lie on a curve of degree k for
every natural number k. Let us show that this assumption leads to a contradiction.
The finite subset Σ′\P ′ ⊂ Π and the natural number 3r−4 does not satisfy ar least one
of the hypotheses of Theorem 2.2, because every surface in P3 of degree 3r− 4 containing
all points of the set Σ \ P must contain the point P . However, the inequalities
∣∣Σ′ \ P ′∣∣ 6 (2r − 1)r 6 max
(⌊3r − 1
2
⌋(
3r − 1−
⌊3r − 1
2
⌋)
,
⌊3r − 1
2
⌋2)
hold, and at most 3r−4 points of the set Σ′ \P ′ can lie on a line, because 3r−4 > 2r−1
and at most 2r − 1 points of the set Σ′ can lie on a line by Lemma 2.3.
We see that at least k(3r− 1− k)− 1 points of the set Σ′ \P ′ lie on a curve of degree k
such that 2 6 k 6 (3r− 1)/2, which implies that k = r, because at most k(2r− 1) points
of the set Σ′ lie on a curve of degree k, and |Σ′ \ P ′| 6 (2r− 1)r. Thus, we conclude that
there is a curve C ⊂ Π of degree r that contains at least (2r − 1)r − 1 points of Σ′ \ P ′.
The curve C contains P ′, because otherwise there is a curve in Π of degree 3r− 4 that
contains the set Σ′ \ P ′ and does not contain the point P ′. Hence, the curve C contains
at least (2r − 1)r points of the set Σ′. Thus, the curve C is reducible by Lemma 3.10.
Let C =
∑α
i=1Ci, where Ci is an irreducible curve of degree di > 1 and α > 2. Then
(2r − 1)r 6
∣∣C ∩ Σ′∣∣ 6
α∑
i=1
∣∣Ci ∩ Σ′∣∣ 6
α∑
i=1
(2r − 1)deg
(
Ci
)
= (2r − 1)r,
which implies that the curve Ci contains (2r − 1)di points of the set Σ, and every point
of the set Σ is contained in at most one curve Ci.
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Let Cυ be the irreducible component of the curve C that contains P
′, and Υ be a subset
of the set Σ that contains all points of the set Σ that are mapped to the curve Cυ by the
projection ψ. Then |Υ| = (2r− 1)dυ, but less than (2r− 1)dυ points of the set Σ lie on a
curve of degree dυ. Hence, the points of the set Υ impose independent linear conditions
on the homogeneous forms of degree 3(dυ − 1) by Lemmas 2.3 and 2.10.
There is a surface F ⊂ P3 of degree 3(dυ − 1) that contains the set Υ \P and does not
contain the point P . Let Yi be a cone in P
3 over Ci with the vertex O. Then the surface
F ∪
⋃
i6=υ
Yi ∈
∣∣OP3(2dυ − 3 + r)∣∣
contains Σ\P and does not contain P , but 2dυ−3+r 6 3r−4, which is a contradiction. 
There is a disjoint union ∪lj=k ∪
cj
i=1 Λ
i
j ⊆ Σ, where Λ
i
j is a subset of the set Σ such that
the inequality |Λij| > (2r − 1)j holds, all points of the subset ψ(Λ
i
j) is contained in an
irreducible curve in Π of degree j, and at most (2r − 1)t points of the subset
ψ
(
Σ \
( l⋃
j=k
cj⋃
i=1
Λij
))
( Σ′ ⊂ Π ∼= P2
lie on a curve in Π of degree t. Then k > 3 by Lemma 2.7, and k < r by Lemma 3.10.
Put Λ = ∪lj=k ∪
cj
i=1Λ
i
j. Let Ξ
i
j be the base locus of the linear system of surfaces in P
3 of
degree j that contains all points of the set Λij. Then Ξ
i
j is a finite set by Lemma 2.3 and
(3.12)
∣∣Σ \ Λ∣∣ 6 (2r − 1)r + 1−
l∑
i=k
ci
((
2r − 1
)
i+ 1
)
6
(
2r − 1
)(
r −
l∑
i=k
ici
)
,
which implies that
∑l
i=k ici 6 r.
Remark 3.13. The inequality
∑l
i=k ici 6 r − 1 holds, because the equality
∑l
i=k ici = r
and the inequalities 3.12 imply that k = l = r, but k < r by Lemma 3.10.
It follows from Lemma 2.10 that the points of Ξij impose independent linear conditions
on homogeneous forms on P3 of degree 3(j − 1). Put Ξ =
⋃l
j=k
⋃cj
i=1 Ξ
i
j . Then
(3.14)
∣∣Σ \ (Ξ ∩ Σ)∣∣ 6 (2r − 1)r −
l∑
i=k
ci
(
2r − 1
)
i.
There are surfaces F and G in P3 of degree
∑l
i=k 3(i − 1)ci and
∑l
i=k ici respectively
such that F contains (Ξ∩Σ) \P and does not contain P , but G contains Ξ∩Σ and does
not contain any point in Σ \ (Ξ ∩ Σ). In particular, we have Σ 6⊆ Ξ, because
l∑
i=k
3
(
i− 1
)
ci 6
l∑
i=k
3ici − 3ck 6 3r − 6 < 3r − 4.
Put Σ¯ = ψ(Σ \ (Ξ ∩ Σ)) and d = 3r − 4−
∑l
i=k ici. Then it follows from Lemma 2.12
that there is a point Q¯ ∈ Σ¯ such that every curve in Π of degree d that contains Σ¯\Q¯ must
pass through the point Q¯ as well. Therefore, we can not apply Theorem 2.2 to the points
of the subset Σ¯ \ Q¯ ⊂ Π and the natural number d.
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The proof of Lemma 2.13 implies that the inequality
∣∣Σ¯ \ Q¯∣∣ 6 (2r − 1)(r −
l∑
i=k
cii
)
− 1 6
⌊d+ 3
2
⌋2
holds, but d = 3r − 4−
∑l
i=k ici > 2r − 3 > 3, because
∑l
i=k ici 6 r − 1, which implies
that at least t(d+ 3− t)− 1 points of Σ¯ \ Q¯ lie on a curve in Π of degree t 6 (d+ 3)/2.
Lemma 3.15. The inequality t 6= 1 holds.
Proof. Suppose that t = 1. Then at least d+1 points of the set Σ¯ \ Q¯ lie on a line, which
implies the inequality d+ 1 6 2r − 2 by Lemmas 2.3 and 3.8.
The inequality d+ 1 6 2r − 2 implies that
∑l
i=k ici = r − 1 and d = 2r − 3.
It follows from the inequality 3.14 that |Σ \ (Ξ ∩ Σ)| 6 2r − 1, which implies that the
points of the set Σ \ (Ξ ∩ Σ) impose independent linear conditions on the homogeneous
forms of degree 2r − 3 by Theorem 2 in [9], which is impossible by Lemma 2.12. 
There is a curve C ⊂ Π of degree t > 2 that contains at least t(d+ 3− t)− 1 points of
the set Σ¯\ Q¯, which implies that t(d+3− t)−1 6 |Σ¯\ Q¯| and t(d+3− t)−1 6 (2r−1)t,
because at most (2r− 1)t points of the set Σ¯ lie on a curve of degree t. Therefore, we see
that t > r −
∑l
i=k ici, because t > 2. It follows from the inequalities 3.12 that
(
2r − 1
)(
r −
l∑
i=k
ici
)
− 1 >
∣∣Σ¯ \ Q¯∣∣ > t(d+ 3− t)− 1 > (r −
l∑
i=k
ici
)(
2r − 1
)
− 1,
which implies that t = r−
∑l
i=k ici, the curve C contains all points of the set Σ¯ \ Q¯, and
the inequalities 3.12 are actually equalities. Namely, we have Σ ∩ Ξ = Λ and
∣∣Σ \ Λ∣∣ = (2r − 1)r + 1−
l∑
i=k
ci
((
2r − 1
)
i+ 1
)
=
(
2r − 1
)(
r −
l∑
i=k
ici
)
,
which implies that l = k, ck = 1, d = 3r − 4− k and
∑l
i=k ici = k.
Lemma 3.16. The curve C contains all points of the set Σ¯.
Proof. Suppose that C does not contain the set Σ¯. Then C does not contains Q¯, which
implies that there is a curve in Π of degree r − k that contains the set Σ¯ \ Q¯ does not
contain the point Q¯, which is impossible, because d > r − k. 
Thus, the curve C is a curve of degree r − k that contains the set ψ(Σ \ Λ), which
consists of exactly (r − k)(2r − 1) points of the set ψ(Σ). On the other hand, there is
an irreducible curve Z ⊂ Π of degree k that contains all points of the set ψ(Λ), which
consists of exactly k(2r − 1) + 1 points of the set ψ(Σ). In particular, we have∣∣Σ∣∣ = ∣∣Σ \ Λ∣∣+ ∣∣Λ∣∣ = (r − k)(2r − 1)+ k(2r − 1)+ 1 = (2r − 1)r + 1.
Lemma 3.17. The curve C is reducible.
Proof. Suppose that C is irreducible. Then the points of the set Σ\Λ impose independent
linear conditions on surfaces of degree 3(r− k − 1) by Lemmas 2.3, 2.10 and 3.7, but the
points of the set Λ impose independent linear conditions on surfaces of degree 3(k − 1)
by Lemmas 2.3 and 2.10, which implies that the points of the set Σ impose independent
linear conditions on homogeneous forms of degree 3r − 4 by Lemma 2.12. 
15
Therefore, we have C =
∑α
i=1Ci, where Ci is an irreducible curve of degree di, which
implies that r−k =
∑α
i=1 di, the curve Ci contains (2r−1)di points of the set Σ¯ for every i,
and every point of the set Σ¯ is contained in a single irreducible component of C.
Lemma 3.18. The curve Z contains the point P ′.
Proof. Suppose that P ′ 6∈ Z. Let Cυ be an irreducible component of the curve C that
contains the point P ′, and Υ be a subset of the set Σ that contains all points that are
mapped to the curve Cυ by the projection ψ. Then Υ contains (2r − 1)dυ points.
The points of the set Υ impose independent linear conditions on the homogeneous forms
of degree 3(dυ − 1) by Lemmas 2.3, 2.10 and 3.7. Therefore, there is a surface F ⊂ P
3 of
degree 3(dυ − 1) that contains Υ \ P and does not contain P .
Let Yi and Y be the cones in P
3 over the curves Ci and Z, respectively, whose vertex is
the point O. Then the union F ∪Y ∪∪i6=υYi is a surface of degree 2dυ−3+r 6 3r−4 that
contains the set Σ \ P and does not contain the point P , which is a contradiction. 
The proof of Lemma 3.18 implies that the points of the set Σ \ Λ impose independent
linear conditions on homogeneous forms on P3 of degree 3r− 4− k, but we already know
that the points of the set Λ impose independent linear conditions on homogeneous forms
of degree 3(k − 1) by Lemmas 2.3 and 2.10, which is impossible by Lemma 2.12.
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